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ABSTRACT
Interference alignment in the K-user MIMO interference channel
with constant channel coefficients is considered. A novel construc-
tive method for finding the interference alignment solution is pro-
posed for the case where the number of transmit antennas equals
the number of receive antennas (NT = NR = N ), the number of
transmitter-receiver pairs equals K = N + 1, and all interference
alignment multiplexing gains are one. The core of the method con-
sists of solving an eigenvalue problem that incorporates the channel
matrices of all interfering links. This procedure provides insight into
the feasibility of signal vector spaces alignment schemes in finite
dimensional MIMO interference channels.
Index Terms— Interference Channel, Interference Alignment,
Multiuser Precoding
1. INTRODUCTION
Interference alignment was first considered in [1] as a coding tech-
nique for the two-user Multiple-Input Multiple-Output (MIMO) X
channel, where it was shown to achieve multiplexing gains strictly
higher than that of the embedded MIMO interference channel (IC),
multiple-access channel (MAC), and broadcast channel (BC) taken
separately. While requiring perfect channel knowledge, this coding
technique is based only on linear precoding at the transmitters and
zero-forcing at the receivers. The degrees of freedom region for the
X channel was analyzed in [2] for an arbitrary number of antennas
per user. This transmission technique was later generalized to the
K-user interference channel [3], where it was shown to achieve al-
most surely a sum-rate multiplexing gain of K
2
per time, frequency
and antenna dimension. In comparison, independent operation of
K isolated point-to-point links would incur a sum-rate multiplexing
gain of K per dimension. This indicates that interference alignment
allows virtually interference-free communications at the cost of each
user exploiting only half of the available degrees of freedom. Thanks
to the alignment of all interfering signals in the same subspace from
the point of view of all receivers simultaneously, interference can be
removed simply through zero-forcing filtering.
In [3], an explicit formulation of the precoding vectors achiev-
ing interference alignment is presented for single-antenna nodes with
time-varying channels. In the multiple-antenna case, no such closed-
form solution is known, although achievability results on multiplex-
ing gains are available. In [4], an inner bound and an outer bound
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on the total number of degrees of freedom for the MIMO case are
presented. Achievability results on the total number of achievable
degrees of freedom are also presented in [5]. An iterative algorithm
was introduced in [6] to find numerically the precoding matrices
achieving interference alignment. Little results have been obtained
regarding constant MIMO interference channels. Some results con-
cerning the K=3 user case are presented in [3].
The goal of this contribution is to give a constructive proof of
the achievability of interference alignment in the K-user constant
MIMO interference channels, for certain dimensions of the chan-
nel matrices. The proof in Section 3 deals with the case where the
number of transmit antennas equals the number of receive antennas
(NT = NR = N), the number of transmitter-receiver pairs equals
K = N + 1. For those channel dimensions, if the channel coeffi-
cients are drawn independently from a continuous distribution, we
show that one degree of freedom is achievable per user with proba-
bility 1. The method provides insight into the general K-user MIMO
interference channel.
This article is organized as follows: the system model, interfer-
ence alignment, and the iterative algorithm are introduced in Sec-
tion 2. The constructive alignment method is introduced in Section
3. Section 4 describes an interference channel setting where inter-
ference alignment is unfeasible and Section 5 gives further insights
obtained by the proposed method.
2. SYSTEM MODEL
In this section, we first introduce the system model for arbitrary
(non-square) channel dimensions, and introduce the concept of inter-
ference alignment. We consider a K-user MIMO interference chan-
nel with transmitters equipped with NT antennas and receivers with
NR antennas. The MIMO channel is assumed to be frequency-flat
and the channel coefficients are drawn independently from a contin-
uous distribution.
We focus our attention on the ith receiver (1 ≤ i ≤ K), which
receives interference from other transmitters j 6= i in addition to its
intended signal. The discrete-time channel model at a given time
instance is given by
y
i
=HiiVisi +
K∑
j=1,j 6=i
HijVjsj + ni, (1)
where si ∈ C
di×1 is a vector representing the signals from trans-
mitter i. Vi ∈ CNT×di is the precoding matrix at transmitter i.
Hii ∈ C
NR×NT and Hij ∈ CNR×NT are NR ×NT matrices rep-
resenting the MIMO channels of the link between intended commu-
nication pairs and the interfering link between transmitter j and un-
intended receiver i, respectively, experienced by user i. ni accounts
for the thermal noise generated in the radio frequency front-end of
the receiver and interference from sources other than the interfering
transmitters.
Interference alignment (IA) is achieved with degrees of freedom
(d1, . . . dK) (each di corresponds to the multiplexing gain achieved
for a transmitter-receiver pair, i.e. di streams per transmitter are
spatially pre-coded at transmitter i) iff there exists NT×di truncated
unitary matrices (precoding matrices) Vi and NR × di truncated
unitary matrices (zero-forcing interference suppression matrices) Ui
such that, for i = 1, . . . ,K,
U
H
i HijVj = 0,∀j 6= i, and (2)
rank
(
U
H
i HiiVi
)
= di. (3)
An iterative algorithm [6, Algorithm 1], which is based on the min-
imization of an interference leakage metric (zero leakage is equiv-
alent to the system of equations in (2) and (3)), was introduced to
find the precoding matrices and to verify the achievability of inter-
ference channel settings. At every iteration, the algorithm from [6]
involves the computation of K eigenvalue problems. Furthermore,
depending on the interference channel setting the convergence speed
can vary significantly. Nevertheless, the iterative algorithm provides
numerical insights into the feasibility of IA for the K-user NT×NR
MIMO interference channel with any IA multiplexing gains.
If a solution to the system (2) and (3) is found, the received
signal of user i after interference suppression yields
y¯
i
= UHi HiiVisi +
∑
j 6=i
U
H
i HijVjsj +U
H
i ni,
= UHi HiiVisi + n¯i, (4)
where we used the fact that the interference term in (1) is perfectly
suppressed, due to (2). Note that the energy of the signal part that
lies in the interference subspace is lost. However, this power loss
does not matter in the context of the degrees of freedom analysis.
3. CONSTRUCTIVE ALIGNMENT METHOD
In this section, we focus on the case where the number of transmit
antennas equals the number of receive antenna (NT = NR = N )
and the number of transmitter-receiver pairs K = N + 1. Fur-
thermore, and conversely to the achievability schemes of [5] where
only the total number of degrees of freedom is considered, we as-
sume that each user gets one interference-free degree of freedom,
i.e., di = 1∀i. Throughout the paper, if di = 1∀i, we will de-
note the Vi’s as the N × 1 unit norm precoding vectors vi ∀i and
the Ui’s as the N × 1 unit norm interference suppression vectors
ui ∀i. Fig. 1 depicts the IA solution for a 2 × 2 MIMO interfer-
ence channel that incorporates three transmitter-receiver pairs. The
precoding leads to the following situation in the N -dimensional re-
ceive signal space at receiver i: the interference from transmitter j
and k, (j, k) 6= i, aligns perfectly in a one-dimensional subspace.
We observe that every transmitter has to sacrifice in the number of
signal streams compared to the case where only a single transmitter-
receiver pair is present, where min(NR, NT) = 2 streams could be
transmitted over the eigenmodes of the MIMO channel.
Fig. 1. IA incorporating three transmitter-receiver pairs.
In the following, we describe a novel alignment method that pro-
vides a solution to the IA conditions (2) and (3) by reformulating (2)
as an eigenvalue problem.
3.1. Equivalent Eigenvalue Problem
Let us consider the N -dimensional receive signal spaces. Each ui
in the IA condition (2) defines a subspace of codimension one. Fur-
thermore, (2) is equivalent to requiring that the interfering signals
Hijvj ∀j 6= i at each receiver lie in subspaces of dimension at most
N − 1. Thus, since K = N + 1, this is equivalent to linear depen-
dency of the K − 1 = N interfering signals at each receiver. That
is, there exist µij ’s, j 6= i, where at least one of the µij ’s is nonzero,
such that
K∑
j=1,j 6=i
µijHijvj = 0N , (5)
with 0N the N × 1 all zero vector.
From now on, we tackle (2) simultaneously for all receivers i.
Therefore, we stack the precoding vectors in v = [vT1 v
T
2 . . . v
T
K ]
T
and define
H =

ON µ12H12 . . . µ1KH1K
µ21H21 ON . . .
.
.
.
.
.
.
.
.
. . . . µ(K−1)KH(K−1)K
µK1HK1 . . . . . . ON
 ,
(6)
where ON is the N×N all zero matrix. H incorporates the channel
matrices of all interfering links in the interference channel. Using
this notation, (2) is equivalent to
H · v = 0KN , (7)
for any given µij ’s defined by (5), with 0KN the KN × 1 all zero
vector. (7) is invariant under left multiplication with a matrix P that
shifts rows. Thus, we get a nonzero block diagonal B = diag{µK1
HK1 . . . µ(K−1)KH(K−1)K} in PH, with the permutation matrix
P =

ON . . . ON IN
IN ON
.
.
. ON
.
.
.
.
.
.
.
.
.
.
.
.
ON . . . IN ON
 . (8)
Furthermore, since all channel matrices are of rank N with proba-
bility 1 and if we assume that (µK1, . . . , µ(K−1)K) 6= 0, we can
pre-multiply the permuted matrix PH with the inverse of the block
diagonal and define a matrix
Ĥ = −λ(B−1PH− IKN ), (9)
with the free parameter λ 6= 0, which turns (7) into the standard
eigenvalue equation(
Ĥ− λIKN
)
· v = 0KN . (10)
It is clear from (7)-(10) that any v associated to a nonzero eigen-
value of Ĥ fulfills (7), for any choice of the (µK1, . . . , µ(K−1)K)
for which B is not singular. That is, if we define νij = −(µlj/µli)λ
with l = mod(i− 2, K) + 1, it is sufficient to choose the νij ’s such
that Ĥ has at least one non-zero eigenvalue, to solve the interference
alignment problem. Note that due to the structure of Ĥ (depicted
in eq. (11), next page), choosing e.g. νij = 1, ∀(i, j) guarantees
that this happens with probability 1 when the channel coefficients
are drawn independently from a continuous distribution.
Finally, in order to provide the complete solution to (2), the vec-
tors v1, v2, . . . , vK must be normalized, and the ui can be deter-
mined by finding any unit norm vector in the orthogonal complement
of the subspace (of dimension at most N−1) spanned by interfering
signals Hijvj ∀j 6= i at each receiver i.
Note that the above technique achieves a total of K degrees of
freedom over the K-user constant interference channel with N ×N
matrices. While for K = 3 some methods achieving more degrees
of freedom are known [3], we are not aware of similar constructive
results for the case K > 3.
3.2. Three User Network
In order to illustrate the proposed method, we will again consider the
K = 3 user 2× 2 MIMO interference channel with IA multiplexing
gains (1, 1, 1) as depicted in Fig. 1. Deriving the equivalent eigen-
value problem (10) leads to further insight that we will deliver in the
following.
Following the method introduced in Subsection 3.1, (10) leads
to the sufficient condition for an IA solution, i.e.,([
ON ν12H
−1
31 H32 ON
ON ON ν23H
−1
12 H13
ν31H
−1
23 H21 ON ON
]
︸ ︷︷ ︸
Ĥ
−λIKN
)
· v
= 0KN , (12)
with any ν12 = −(µ32/µ31)λ, ν23 = −(µ13/µ12)λ and ν31 =
−(µ21/µ23)λ. Clearly, the eigenvalue problem (12) can be refor-
mulated in terms of the characteristic equation as follows:
det
(
Ĥ− λIKN
)
= 0. (13)
Interestingly, in the K = 3 user 2× 2 MIMO interference channel,
we can further exploit the structure of Ĥ and rewrite (13) as
det
(
νH−131 H32H
−1
12 H13H
−1
23 H21 − λIN
)
= 0
⇔ det
(
Ĥ
′
− λIN
)
= 0, (14)
with ν = ν12ν23ν31 and Ĥ
′
= νH−131 H32H
−1
12 H13H
−1
23 H21. Here,
we used the fact that det
(
A B
C D
)
= det(A)−det(B−CA−1B)
and that the channel matrices are full rank with probability 1.
Eq. (14) can be derived in a different way. We proceed along
a shortcut in our proposed method by introducing a “loop equation”
deduced from (2).
The interference suppression vectors ui define subspaces of codi-
mension one in the two dimensional receive signal spaces. There-
fore, the space spanned by the interfering signals Hijvj ∀j 6= i
must be one dimensional, i.e., the interference signals are collinear.
We rewrite (5) as
uH1 H12v2 = 0
uH1 H13v3 = 0
}
v2 = −
µ13
µ12
H
−1
12 H13v3, (15)
uH2 H21v1 = 0
uH2 H23v3 = 0
}
v3 = −
µ21
µ23
H
−1
23 H21v1, (16)
uH3 H31v1 = 0
uH3 H32v2 = 0
}
v1 = −
µ32
µ31
H
−1
31 H32v2, (17)
where we used the fact that all channel matrices are of full rank with
probability 1. Inserting (15) and (16) in (17), we can write
v1 = −
µ32
µ31
µ13
µ12
µ21
µ23
H
−1
31 H32H
−1
12 H13H
−1
23 H21v1. (18)
Thus, (18) leads to a similar eigenvalue problem like (14). v3 and
v2 are obtained from eqs. (16) and (15), respectively. Again, the
full solution to eq. (2) is found by normalizing the precoding vectors
v1,v2 and v3, and by choosing the ui’s in the orthogonal com-
plement of the interference subspace, which is guaranteed to be of
dimension at least 1.
Note that for even N , the result presented here for the three user
interference channel matches that of [3, Appendix IV] (in terms of
the achieved degrees of freedom and of the expressions of the pre-
coding vectors), while for the case of odd N , the solution proposed
here does not require to consider channel extensions, conversely to
[3, Appendix V].
4. UNFEASIBLE NETWORK SETTING
So far, we have restricted our attention to the N×N MIMO interfer-
ence channel withK = N+1 users. Let us next consider theK = 4
user 2 × 2 interference channel, i.e., here K = N + 2 which is the
setting depicted in Fig. 1 with one additional transmitter-receiver
pair present. Note that the bounds [4, Theorems 1 and 3] available
for the time-varying case do not apply here, since we consider the
constant channel case, and it is therefore not possible to conclude
a priori about the existence of a solution. We will now show that
interference alignment with one degree of freedom per user is not
achievable in this case.
Let us consider receiver i. The interference suppression vectors
ui define subspaces of codimension one in the two dimensional re-
ceive signal spaces. Therefore, the space spanned by the interfering
signals Hijvj ∀j 6= i must be one dimensional, i.e., here, the three
interfering signals must be collinear at each receiver. Thus, there
exist (µij , κij , µik, µil) 6= 0, such that for receiver i: µijHijvj =
µikHikvk and κijHijvj = µilHilvl. Therefore the IA conditions
write
Ĥ =

ON ν12H
−1
K1HK2 . . . . . . ON
ON ON ν23H
−1
12 H13 . . . νK2H
−1
12 H1K
ν31H
−1
23 H21 ON
.
.
. . . .
.
.
.
.
.
.
.
.
.
.
.
. . . . ν(K−1)KH
−1
(K−2)(K−1)H(K−2)K
νK1H
−1
(K−1)K
H(K−1)1 . . . νK(K−2)H
−1
(K−1)K
H(K−1)(K−2) . . . ON
 . (11)
v2 =
µ13
µ12
H
−1
12 H13v3, (19)
v2 =
µ14
κ12
H
−1
12 H14v4, (20)
v1 =
µ23
µ21
H
−1
21 H23v3, (21)
v1 =
µ24
κ21
H
−1
21 H24v4, (22)
v4 =
µ31
µ34
H
−1
34 H31v1, (23)
v4 =
µ32
κ34
H
−1
34 H32v2, (24)
v3 =
µ41
µ43
H
−1
43 H41v1, (25)
v3 =
µ42
κ43
H
−1
43 H42v2. (26)
Similar to the method introduced in Subsection 3.2, we are look-
ing for “loops” in the above coupled system of linear equations. In-
serting (25), (22) and (24) in (19) as well as (23), (21) and (26) in
(20), we can write
λ1v2 = ν1H
−1
12 H13H
−1
43 H41H
−1
21 H24H
−1
34 H32︸ ︷︷ ︸
ĤA
v2, (27)
λ2v2 = ν2H
−1
12 H14H
−1
34 H31H
−1
21 H23H
−1
42 H43︸ ︷︷ ︸
ĤB
v2, (28)
with ν1 = µ13µ12
µ41
µ43
µ24
κ21
µ32
κ34
λ1 and ν2 = µ14κ12
µ31
µ34
µ23
µ21
µ42
κ43
λ2. Because
some of the channel matrices (e.g. H13) appear only in one of the
matrices ĤA, ĤB and because those matrices are random and inde-
pendent, with probability 1, there is no solution that simultaneously
fulfills (27) and (28) for any ν1 and ν2. Thus, we conclude that in-
terference alignment with di = 1 ∀i is not feasible in this case.
5. TOWARDS A GENERAL ACHIEVABILITY CRITERION
No general condition for the achievability of interference alignment
in constant MIMO interference channels has been found so far. Us-
ing the iterative algorithm from [6], it appears that the existence of a
solution depends solely on the dimensions of the problem (K,NT,
NR, d1 . . . dK), and not on the particular channel realization.
Furthermore, for the particular case of d1 = . . . = dK = 1, the
numerical algorithm appears to converge (see Table 1) iff
NR +NT − 1 ≥ K. (29)
This criterion is also consistent with a counting argument applied to
the degrees of freedom of the system of non-linear equations in (2).
We conjecture that eq. (29) provides indeed an upper bound on the
number of users K that can achieve interference alignment with one
degree of freedom each, over NR × NT constant channels. Further
work on a proof of (29) is ongoing.
Note that for the square channels (NT = NR = N ) considered
in Section 3.1, our constructive method only provides solutions for
the case K = N + 1 (X∗ in Table 1), while (29) suggests that a
better scaling of the method is possible, since solutions can be found
numerically iff K ≤ 2N − 1.
❍
❍
❍
❍N
K 3 4 5 6 7 8
2 X∗
3 X X∗ X
4 X X X∗ X X
.
.
.
Table 1. Achievability (X =yes) of IA for NT = NR = N and
di = 1∀i.
6. CONCLUSION
We have introduced a constructive proof of the achievability of in-
terference alignment, with one interference-free dimension per user
for an arbitrary number of users K, for the interference channel with
constant N ×N MIMO channels, for the case where N = K − 1.
The closed-form solutions provide insight into the interference align-
ment problem. We also discussed the general feasibility of IA with
one degree of freedom per user for various channel dimensions, and
introduced a conjecture for a general feasibility criterion.
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